
Mathematical modeling of thermal processes during 
“cassette” crystallization of chalcogenides
Anatoly I. Prostomolotov1, Nataliya A. Verezub1

1 Ishlinsky Institute for Problems in Mechanics of the Russian Academy of Sciences,101-1 Prospekt Vernadskogo, Moscow, 119526, Russia

Corresponding author: Anatoly I. Prostomolotov (prosto@ipmnet.ru)

Received 30 September 2019  ♦  Accepted 3 December 2019  ♦  Published 30 March 2020

Citation: Prostomolotov AI, Verezub NA (2020) Mathematical modeling of thermal processes during “cassette” crystallization of 
chalcogenides. Modern Electronic Materials 6(1): 9–16. https://doi.org/10.3897/j.moem.6.1.55282

Abstract
A new, relatively simple and highly efficient modification of the directional melt crystallization method in the form of a 
multi-cassette process has been considered. This study is based on Russian Patents and technological studies conducted 
at National Research and Technological University MISiS.

As a result, mathematical models of a multi-cassette method have been developed for 3D radiation and conduction 
analysis of thermal processes in the entire volume of the heating unit and 2D analysis of convection and conduction 
heat exchange in a separate cassette. Parameters have been calculated on the basis of these mathematical models for 
clarifying the effect of heating unit component arrangement and dimensions on the formation of thermal fields in cas-
sette units, the effect of vertical homogeneity of heat supply to the cassette unit and heating power reduction rate during 
crystallization on the shape of the crystallization front, as well as the effect of small asymmetry in cassette design and 
violation of cassette bottom cooling homogeneity on convection and asymmetrical heat transfer.

Application of the conductive and radiative heat exchange model to the entire heating unit has allowed us to calculate 
process parameters on the basis of which we have analyzed the effect of heating unit components, their arrangement 
and temperature on the heat exchange conditions at the cassette unit boundaries. Application of the convective and 
conductive model to one growth cassette has shown that asymmetrical design and boundary thermal conditions as well 
as unstable vertical temperature gradient lead to the formation of convection vortices and substantial crystallization 
front deviation from planar shape. Calculations on the basis of the convective mass exchange model have shown that 
an increase in the crystallization rate by one order of magnitude greatly increases the tellurium flow into the crystal thus 
substantially altering the melt composition in the vicinity of the crystallization front and hence serving as a potential 
origin of dendrite growth. The authenticity of the calculation results has been verified in a number of tests aimed at 
analyzing the effect of heat and mass transport on crystallization front shape for cassette cooling rates that are typical 
of polycrystalline bismuth telluride growth processes.
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1. Introduction

Nowadays a number of bulk thermoelectric material syn-
thesis methods have been developed. Most of them inclu-
de powder compaction using various methods e.g. synthe-
sis of ultrafine powders by gas condensation in inert gas 
atmospheres [1] or using a plasma-chemical method [2], 
chemical synthesis [3] followed by spark plasma sintering 
[4] as well as powder grinding in a ball mill [5]. Still there 
are problems in the development of these methods origi-
nating from residual porosity after compaction, specimen 
contamination during powder preparation or consolidati-
on and fabricating specimens of greater dimensions.

The objective of intense plastic deformation methods [6] 
is to produce nanostructures in bulk specimens and work-
pieces by refining their microstructure to a nanoscale level. 
A wafer casting method has been suggested [7] wherein 
the opposite faces of the as-cast wafer of an A5B6 material 
are parallel. These wafers have a layered structure forming 
at least two matrices of cleavage planes that are misorien-
ted relative to each other in a way that the cleavage planes 
of one matrix are tilted relative to the cleavage planes of 
the other matrix and to the base wafer surfaces. The pre-
sence of two mutually misoriented cleavage plane matrices 
in the as-cast wafer structure raises problems with wafer 
cutting into rectangular dice since one does not know the 
actual cutting plane orientation relative to the two cleavage 
plane matrices and to the base wafer surfaces.

The aim of this work is to modify the Bridgman me-
thod by introducing cassette wafer crystallization. This 
directional crystallization method has already been des-
cribed [8] for the growth of crystalline wafers of bismuth 
telluride solid solutions. As-grown wafers are then cut 
into dice in a direction perpendicular to their base surfa-
ces. The process provides for high mechanical strength 
but produces considerable misorientation between clea-
vage planes. This method has been further developed [9] 
to by directional crystallization growth of crystalline pla-
nes with a more perfect crystalline structure with lower 
cleavage plane misorientation angles due to a more effi-
cient cleavage plane orientation control at crystal nuclea-
tion stage and during further growth.

The applied aspects of the study were as follows:

– search for science-based approaches to growth unit 
design improvement and choice of higher cooling 
rates providing for dendrite-free crystallization of 
bismuth telluride melt;

– identification of potential negative thermal factors as-
sociated with radiation and conduction heat exchange 
in the growth unit volume and convection and con-
duction heat exchange in separate growth cassettes 
that affect crystallization, thermoelectric properties 
and strength of as-grown bismuth telluride wafers.

Empirical studies of wafer growth, structure, thermoe-
lectric properties and strength were carried out earlier 
[10]. Mathematical modeling [11] was used for compara-

tive analysis of two basic technological approaches to the 
synthesis of bismuth telluride based thermoelectric mate-
rials: equal channel angular extrusion [12] and Bridgman 
cassette crystallization. The effect of design features and 
temperature growth mode on plastic formation and crys-
tallization was analyzed.

Mathematical modeling of crystallization was carried 
out [13] taking into account of phase transformations oc-
curring in accordance with the phase diagram of the mul-
ticomponent material in its liquid and solid phases. It was 
assumed that the permeability of the two-phase zone is 
isotropic and depends not only on the porosity but also on 
the geometry of the porous material. For example, intro-
duction of an empirical parameter allowed presetting the 
distance between dendrite branches and the well-known 
Kozeny-Carman formula was used based on similarities 
between the porous material and a system of parallel per-
meable capillary channels [14].

The mathematical approach used in this work is based 
on the mathematical modeling of thermal processes occur-
ring during cassette crystallization. Mathematical models 
were developed for this purpose. One of them takes into 
account the specific features of thermal processes in the 
entire volume of the cassette unit while others incorporate 
thermal and mass exchange processes in separate cassettes.

Schematic of the heating unit for the cassette growth 
method [8, 9] is shown in Fig. 1. There the water-cooled 
chamber 1 contains longitudinally arranged resistive hea-
ter plates 2. The top chamber 3 located between the heater 
plates is used for melting and convective homogenization 
of the charge mixture and is connected with the cham-
ber 4 containing the crystallization cassettes. The melt is 
poured a single time through the tubes 5 from the melting 
chamber into the crystallization cassettes installed on the 
massive cooled metallic plate 6 resting on the bottom of 
the water-cooled chamber 1. After melt is poured a verti-
cal temperature gradient is produced in the crystallization 

Figure 1. Functional schematic of heating unit for cassette Bridg-
man method used for global thermal model development: (1) wa-
ter-cooled chamber, (2) resistive heater, (3) charge melting and 
convective homogenization chamber, (4) chamber with crystalli-
zation cassettes, (5) tubes for melt supply from melting chamber 
to crystallization chamber cassettes and (6) cooled plate.
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cassettes and crystallization starts in the cassettes due to 
resistive heater power reduction. The heater power reduc-
tion rate determines the crystallization rate and is to be 
optimized for the required crystal wafer quality. This ma-
thematical model which takes into account the complete 
geometry of the heating unit is useful for the calculation 
of thermal boundary conditions that can be preset in ano-
ther simpler geometrical model for each separate cassette.

Schematic of the model for thermal and mass exchange 
processes in separate cassettes is presented in Fig. 2. The 
cassette comprises the graphite case I having a number of 
cavities: the main cavity containing the crystallizing melt 
II, the crystal seed cavity III, the melt pouring channels IV 
and the mounting holes for cassette assembly into units V. 
The overall dimensions of a single cassette (x × y × z) are 
4.4 × 6 × 1.3 cm3.

Initially the melt fills a cassette between two narrow 
graphite plates along which a temperature gradient is ge-
nerated. The advantage of this method is the possibility 
of simultaneously providing a large number of gaps be-
tween the graphite plates so as to obtain a large number 
of thermoelectric material wafers in a single crystalliza-
tion process. The polycrystals grown using this method 
have higher mechanical strength than single crystals, their 
electrophysical properties being close to those of single 
crystals [9]. The process provides for crystallization rate 
control through temperature gradient adjustment which in 

turn determines the shape of the crystallization front. Ex-
periments have shown that for a flat crystallization front 
the growing texture is the most efficient from the view-
point of bismuth telluride structural anisotropy. However 
significant distortion of the crystallization front causes 
large misorientation between as-grown polycrystal grains.

We present below our results of development of a the-
oretical and methodical approach to analysis of heat and 
mass transport during cassette crystallization. This ap-
proach was implemented in three mathematical models 
used in conjugation for the key input and output parame-
ters: conduction and radiation heat exchange for the entire 
heating unit, conduction and convection heat exchange in 
the growth cassette and convection mass exchange in the 
two-component bismuth and tellurium melt. These ma-
thematical models were software-implemented on the ba-
sis of the finite difference method and the finite element 
method on the CrystmoNet software platform [15].

2. Modeling of thermal processes 
in heating unit

The 3D model of the growth unit was developed on the 
basis of the finite element method. Schematic and the 
main structural components of the growth unit are shown 
in Fig. 3.

The arrangement of the heating unit structural compo-
nents is quite complex. Radiation heating of the cassette 
unit by the resistive heater located in the heating unit is 
of great importance. The heating unit typically contains 
a number of materials having different thermophysical 
properties (Table 1). Data on the thermophysical properties 
were borrowed from earlier works [16–18]. The solidus 
Ts = 863 K and liquidus Tl = 865 K temperatures were cho-
sen on the basis of the Bi2Te3–Sb2Te3 phase diagram [19].

The heater plates 3 radiate heat toward the cassette unit 
2. The heat flows down conductively toward the metallic 
plate under the cassettes. This heating unit is located in 
the closed chamber 1 whose outer case surface is main-
tained at room temperature through permanent water cir-
culation in the case.

Figure 2. Cassette schematic: I graphite case, II–IV cavities with 
crystallizing material (main volume II, crystal seed cavity III and 
melt pouring channels IV) and V mounting holes for cassette 
assembly into units. T1 and T2 are the initial and final tempera-
tures corresponding to illustrated linear temperature profiles for 
cassette side wall at early, middle and final crystallization stages.

Figure 3. Calculated heating unit model: (1) water-cooled steel 
chamber, (2) heater, (3) cassette unit and (4) massive steel plate.
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The overall dimensions of the heating unit components 
(x × y × z) are as follows: chamber 27 × 13.5 × 14 cm3; 
heater 1 × 9 × 9 cm3; cassette unit 4.4 × 6 × 10 cm3; steel 
plate 8 × 0.5 × 14 cm3.

Numerical modeling of this design amounts to solving 
the heat transfer equation in the complex-shaped heating 
unit zone with allowance for different thermophysical 
properties of heating unit components and in conjugation 
with calculation of radiation heat exchange and crystalli-
zation processes.

The heat transfer equation has the following form:

� �divp
i i i

TC T
t

�
� � � �

�
. (1)

Here the index i shows the respective component of the 
heat unit (Fig. 3 and calculation parameters in the Table 1).

It is hypothesized that the melt crystallizes in the ran-
ge between the liquidus Tl and solidus Ts temperatures. 
In this range (ΔТ = Tl – Ts) the crystallization front is a 
two-phase zone containing the crystalline phase and the 
melt. This is modeled by introducing an additional heat 
source in the crystallizing material along with the volume 
heat source in the resistive heater QH into the heat conduc-
tivity equation Eq. (1):

sQ L
t
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�
.

Here L = 1.35 × 105 J/kg is the latent melting heat and φ is 
the volume fraction of the solid phase in the two-phase zone 
which is determined by the crystal growth kinetics. Howe-
ver, melt undercooling in this case is but moderate and φ 
can be determined from the equilibrium phase diagram of 
the melt with allowance for the identity transformation:

T
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, this allowing one to introduce the “effective” heat ca-
pacity for implementing the “perforating” model in the 
calculations of the liquid, two-phase and solid zones of 
the material using Eq. (1):
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The boundary conditions at the solid surfaces are set as 
follows. It is hypothesized that the outer surface of the he-
ating unit case meets the condition T = Tc where Tc is the 
temperature of the water-cooling circuit which is usually 
maintained at room temperature 300 K. The common con-
tact surface of two materials including those with different 
heat conductivities meets the heat flux balance condition.

The open inner surfaces of the heating unit are incorpo-
rated into radiation cuvettes for which the following heat 
balance condition is met:

� � � � � �4 4
o ,k k k k k e kT n T T T T� � � � � � � � � � � ,

where it is assumed that two heat exchange mechanisms 
are implemented on the surface k having the temperature Tk 
and belonging to the material with the heat conductivity λk:

– convection heat transfer with the surface heat ex-
change coefficient α from the environment having the 
temperature Tc;

– radiation heat exchange of this surface k with the “vi-
sible” surrounding surfaces of the radiation cuvette.

Here εk is the thermal emissivity of the surface k, σ 
is the Stefan-Boltzmann constant and Te,k is the effective 
radiation environment temperature for this surface.

The calculation results allowed us to identify specific 
features of the thermal processes, e.g. to evaluate the ef-
fect of design factors (mutual arrangement and dimensi-
ons of heating unit components).

Now we consider specific features of the thermal field 
in the beginning and in the end of growth.

In accordance with the schematic illustrated in Fig. 2 
the melt initially fills the cavities II, III and IV under the 
conditions of the preset vertical temperature gradient with 
the lowest temperature at the bottom and the highest tem-
perature at the top of the cassette. The cassette unit was 
cooled down by reducing the power of the heater.

Figure 4 shows the thermal field in the cassette unit. 
The cassette unit was arranged so heat radiation from 
the heater was directed toward its side surface (y × z). 
The butt surfaces (x × y) were oriented toward the wa-
ter-cooled chamber wall. Therefore, the central part of 
the cassette unit was heated to a lower degree and this 
can be seen from the pronounced upward bent of the iso-
thermal curves in the center. It can also be seen that this 
arrangement of the cassette unit develops inhomogeneous 
thermal conditions for the cassettes in the center and at 
the periphery of the cassette unit. This is confirmed in 
practice by different quality of wafers grown in central 
and peripheral cassettes [20].

The process starts with pouring the melt into the cas-
settes at 900 K. The initial heater temperature is 1300 K 
corresponding to the heater power QH = 9 kW. Figure 5a 
shows isothermal curves in the heating unit and in the 
cassette unit. Analysis of these isothermal curves shows 
that the central part of the cassette is more heated compa-
red with the peripheral and bottom parts. Cassette bottom 

Table 1. Thermophysical parameters of heating unit components 
including melt (l) and crystal (s) bismuth telluride phases [16–18].

Material ρ, kg/m3 λ, W/(m × K) Сp, J/(kg × K) ε
Steel (1, 4) 8000 15.0 500 0.15
Graphite (2, 3) 2000 73.4 1500 0.8
Crystal (s) 7690 2.9 173 –
Melt (l) 7850 6.3 179 –

Notations: ρ is density; λ is heat conductivity; Сp is heat capacity; ε is thermal emissivity; 
1–4 are heating unit component numbers as per Fig. 3.
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contact with the massive metallic plate resting on the wa-
ter-cooled chamber bottom maintains the crystallization 
front (865 K) almost flat. This cassette cooling pattern 
does not allow melting of the seed in the plane III (Fig. 2).

At the end of the process the heater temperature decre-
ases to 1250 K corresponding to the heater power QH = 
7 kW. The 865 K isothermal curve corresponding to the 
crystallization front has a W-shape with a small down-
ward bent at the crystal location (Fig. 5b).

3. Modeling of thermal processes 
in separate cassette

For a separate cassette as shown in Fig. 2 we assumed 
that by analogy with the heating unit calculation there is 
the intermediate phase between the crystal (solid phase) 
and the melt (liquid phase), i.e., the crystallization zone at 
the temperature T which is above the solidus temperature 
Ts = 863 and below the liquidus temperature Tl = 865 K. 
The heat conductivity equation (Eq. (1)) also takes into 
account latent crystallization heat release sQ L

t
��

� �
�

, whe-
re the volume fraction of the solid phase in the two-phase 
zone is set by the following linear relationship: s

l s

T T
T T
�

� �
�

.
The heat transfer equation for the melt is written with 

allowance for thermal convection in the following form:

( )p
l ll

TC V T T
t

�� �� � � � � �� ��� �
, (4)

To determine the velocity vector V and the pressure 
p in the bismuth melt (Bi) we solve the Navier-Stokes 
equation and the continuity equation with allowance for 
gravity heat convection in the Boussinesq approximation:

1( ) T
l l

V V V p V g T
t

� �
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, (5)

divV = 0 (6)

where g is the gravity vector, βТ is the thermal expansion 
coefficient and µ is the dynamical viscosity coefficient of 
the melt.

We solve the tellurium (Te) transport equation jointly 
with Eqs. (5) and (6):

( )M V M D M
t

�
� � � �

�
, (7)

where M = ρlC is the Te concentration in the melt (kg/
m3) and C is the relative mass of Te per 1 kg of melt. The 
following boundary conditions are imposed in the calcu-
lation upon the sought velocity and concentration distri-
butions: at the top cassette boundary the melt motion is 
absent but the Te concentration is set as C = Ceo; at the 
side cassette surfaces the melt motion is absent and a zero 
Te flux is set; at the crystallization front the melt motion 
is absent and Te transport is taken into account in the fol-
lowing mass balance relationship:

� � � �l s e lD C R C� � � � � � �n , (8)

where R is the crystallization front velocity relative to 
the normal n to the crystallization front. Parameters for 
mass exchange calculation in the crystal-melt system are 
given below.

Mass exchange parameters for Bi-Te melt

Dynamical Bi melt viscosity, μ, kg/(m × s) ....... 1.2 × 10-3

b

Figure 4. Thermal field in cassette unit: (a) crystallization cas-
sette schematic ((1) crystallizing material zone, (2) seed zone, 
(3) melt pouring hole and (4) cassette mounting holes); (b) iso-
thermal curves for 7-cassette unit at crystallization beginning.

b

Figure 5. Isothermal curves in heating unit and cassette unit for 
heater power of (a) 9 and (b) 7 W. Crystallization front tempera-
ture 865 K.
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Bi crystal heat capacity, Cs
p, J/(kg × K) ...................... 127

Bi melt heat capacity, Cl
p, J/(kg × K) .......................... 141

Bi melt heat conductivity, λl, W/(m × K) ...................... 13
Bi2Te3 crystal heat conductivity, λs, W/(m × K) ........... 2.9
Bi melt thermal expansion coefficient, βТ, K

-1 ... 2.8 × 10-4

Te diffusion coefficient in Bi melt, D, m2/s .......5.4 × 10-10

Bi melt density, ρl, kg/m3 ........................................ 10270
Bi2Te3 crystal density, ρs, kg/m3 ................................. 7690
Equilibrium Te concentration at crystallization front, 
Ce ..............................................................................0.5
Initial Te concentration in Bi melt, Ceo ........................ 0.7

The problems of increasing the melt crystallization rate 
in the cassette are important since this is a key task for 
increasing the growth process output. However practical 
attempts to significantly accelerate the process lead to vi-
olation of the thermal balance in the growth cassette and 
hence large crystallization front distortion and dendrite 
growth. Ideally, cassette cooling should always main-
tain a stable vertical temperature gradient with a gradual 
temperature decline. This is required for avoiding intense 
convection in the melt and hence maintaining a flat or clo-
se to flat crystallization front.

The convection model was implemented for a 2D 
case. The boundary conditions were borrowed from the 
3D radiation and conduction model. For the preset cas-
sette unit heating conditions (Fig. 4) the thermal fields 
in a separate cassette were calculated for the beginning 
and the end of crystallization (Fig. 6). Figure 6a shows a 
prominent convexity of the crystallization front toward 
the melt which is to a large extent smoothened in the 
course of the process (Fig. 6b). A stable vertical tem-
perature gradient is maintained throughout all the crys-
tallization process stages (Fig. 2, temperature profiles 
1 and 2). Thus, for a stable vertical temperature gra-
dient and absence of convection and thermal asymme-
try throughout the growth process, melt convection is 
suppressed almost completely and the isothermal curve 
distribution corresponds to the pattern for conduction 
heat exchange in the melt.

The situation however changes dramatically if there is 
some thermal asymmetry caused by significantly inhomo-
geneous cooling of the massive plate on which the cassette 
is mounted. Mathematical modeling showed the specific fe-
atures of this thermal situation. If cooling occurs under these 
conditions the vortex shapes become different, with the gre-
atest vortex circumventing the crystallization front at a rela-
tively large velocity of ~0.034 cm/s (Fig. 7a) distorting the 
crystallization front (Fig. 7b, isothermal curve T = 865 K).

Another factor leading to convection fluxes in the melt 
is associated with inhomogeneous vertical heating of the 
cassette. Slow cooling corresponding to the crystallizati-
on front velocity R = 0.15 mm/min produces symmetrical 
vortex structures implementing weak convection mode 
(Fig. 8a) which provides for slight crystallization front 
convexity toward the melt (Fig. 8b).

However, there are attempts in the industry to acce-
lerate cassette cooling by drastically reducing the heater 
power. In practice this causes considerable crystallization 
front distortion and dendrite growth. Calculations showed 
that this is entailed by an unstable vertical temperature 
gradient generating asymmetrical vortices. Upon fast 

b

Figure 6. Calculated thermal fields (a) in the beginning and (b) 
at the end of crystallization for stable vertical temperature strat-
ification providing for conduction heat exchange mechanism.

b
Figure 7. (a) Vortex structures and (b) isothermal curves in the 
beginning of crystallization for unstable temperature stratifica-
tion leading to convection during inhomogeneous cassette bot-
tom cooling.

b
Figure 8. (a) Vortex structures and (b) isothermal curves in the 
beginning of crystallization for unstable temperature stratifi-
cation leading to weak symmetrical convection in melt during 
slow cassette cooling at V = 0.15 mm/min.
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cooling (R = 1.2 mm/min) a small asymmetry of cassette 
design leads to asymmetrical vortices and isothermal cur-
ves (Fig. 9). Vortex asymmetry is caused by small design 
differences between the right-hand and the left-hand parts 
of the cassette. The emerging intense convection signifi-
cantly changes the thermal field in the melt bulk and in the 
vicinity of the crystallization front.

At R = 6 mm/min melt convection makes the volume 
distribution of Te inhomogeneous and increases its flow 
into the crystal (Fig. 10). At T = 865 K the decrease in 
the Te concentration becomes noticeable and violates the 
melt composition required for the crystallization of Bi2Te3 
as per the phase diagram [19].

For comparison the radial Te distributions are shown 
at the crystallization front (see Fig. 11a). Their analysis 
suggest that only low crystallization rate e.g. R = 0.3 mm/
min provide for for a homogeneous radial Te distribution.

If R is far greater e.g. by one order of magnitude the radial 
variation in the Te concentration becomes tangible. Growth 
of the relative radial inhomogeneity of the Te concentration 
with an increase in R is shown in Fig. 11b. Thus, convecti-
on produces a large radial inhomogeneity in the tellurium 
distribution. Violation of the required melt composition in 
the vicinity of the crystallization front may lead to unstable 
formation of the crystalline bismuth telluride phase.

4. Conclusion

Mathematical models for modification of the Bridgman me-
thod in the form of cassette crystallization were developed.

Application of the conduction and radiation heat ex-
change model to the entire heating unit allowed us to 
calculate process parameters on the basis of which we 
analyzed the effect of heating unit components, their ar-
rangement and temperature on the heat exchange condi-
tions at the cassette unit boundaries. Application of the 
convection and conduction model to one growth cassette 

b
Figure 9. (a) Vortex structures and (b) isothermal curves in the 
beginning of crystallization for unstable temperature stratifica-
tion leading to intense asymmetrical vortices in melt during rap-
id cassette cooling at V = 1.2 mm/min.

Figure 10. C/Ceo Te concentration isocontours in cassette vol-
ume for stable temperature stratification and high crystallization 
rate R3 = 6 mm/min.

b

Figure 11. Te concentration profiling: (a) radial C/Ceo profiles 
along crystallization front for different crystallization rates (R1 
= 0.3, R2 = 3 and R3 = 6 mm/min); (b) maximum radial ∆C/Cmax 
inhomogeneity at crystallization front as a function of crystalli-
zation rate R.
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showed that asymmetrical design and boundary thermal 
conditions as well as unstable vertical temperature gra-
dient lead to the formation of convection vortices and sub-
stantial crystallization front deviation from planar shape.

Calculations on the basis of the convective mass ex-
change model showed that an increase in crystallization 
rate by one order of magnitude greatly increases the tel-
lurium flow into the crystal thus substantially altering the 
melt composition in the vicinity of the crystallization front 
and hence serving as a potential origin of dendrite growth.

The authenticity of the calculation results was verified 
in a number of tests aimed at analyzing the effect of heat 

and mass transport on crystallization front shape for cas-
sette cooling rates that are typical of polycrystalline bis-
muth telluride growth processes.
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