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Abstract
This work is a brief overview of numerical study results for hydrodynamics and convective heat exchange for the 
classic Czochralski technique obtained at the Institute of Thermophysics, Siberian Branch of the Russian Academy 
of Sciences. Flow structure evolution has been compared for melts with Prandtl numbers Pr = 0.05, 16, 50 and 2700. 
The regularities of local and integral convective heat exchange in the crucible/melt/crystal system for thermal gravity, 
thermocapillary and heat-induced gravity capillary convection have been studied. The calculations have been carried 
out using the finite and compact difference methods.

This work is a continuation of an article: Berdnikov VS (2019) Hydrodynamics and heat exchange of crystal pulling 
from melts. Part I: Experimental studies of free convection mode. Modern Electronic Materials 5(3): 91–100. https://
doi.org/10.3897/j.moem.5.3.46647
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1. Introduction

Below is a continuation of the overview of experimental 
and numerical results for crystal pulling from melt using 
the Czochralski technique [1] obtained at the Institute of 
Thermophysics, Siberian Branch of the Russian Acade-
my of Sciences. The physical origin of free convection 
in melts during crystal growth may vary. In gravity field 
affected systems the cause of buoyancy forces (Archi-
medes forces) can be the dependence of the density of 
fluids (melt, solution or solution in melt) on temperature 
or component concentrations. Providing the required the 

crystal growth conditions in the Czochralski technique 
implies maintaining the required temperature difference 
between the crystallization front (CF) and the cruci-
ble walls [2, 3]. As a result, by analogy with any other 
non-isothermal system containing a viscous media in a 
gravity field, thermal gravity convection (TGC) which 
emerges inevitably is fundamentally unavoidable and 
can hardly be controlled [1, 4–7]. The presence of a free 
melt surface portion between the CF and the crucible 
walls leads to a combined effect of the buoyancy forc-
es (Archimedes forces) and the thermocapillary effect 
[1, 4–7]. It is therefore thermal gravity capillary con-
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vection (TGCC) in melt that is usually the initial mode 
for the search of optimum crystal growth conditions, and 
process engineers should understand its main features as 
they determine the quality of the growing crystals [8]. 
Importantly, if free convection mode is superimposed 
with crystal rotation, the relative contributions of free 
and forced convection are judged about based on the ra-
tio of the Grashof and the Reynolds numbers Gr/Re2. 
One fine point is that reference books on heat exchange 
provide typically heat exchange process parameters as a 
function of Gr/Re2 but, along with this ratio, one should 
also know the absolute values of Gr and the Marangoni 
number Ma and hence the initial TGCC mode parame-
ters which are strongly dependent on Gr and Ma.

One aim of this work is to illustrate the specific features 
of the expression of the two factors (buoyancy forces and 
thermocapillary effect) which initiate melt motion and the 
contribution of these factors in case of their joint action. 
In TGC mode and in flows of mixed origin the tempera-
ture and velocity fields are self-consistent under a signif-
icant effect of the buoyancy forces. The presence of the 
thermocapillary effect further strengthens the feedback 
between hydrodynamics and heat exchange. Separate 
experimental study of the action of the buoyancy forces 
and the thermocapillary effect in Earth conditions is an 
extremely complex or even impossible task. This greatly 
increases the importance of numerical studies. They open 
new opportunities for understanding the action and rela-
tive contributions of bulk and surface forces to convec-
tion flow generation and intelligent search for methods 
of controlling their contributions to the formation of the 
required flow structure.  Furthermore, numerical studies 
based upon adequate physical and mathematical models 
and numerical methods allow studying the evolution of 
local parameters of the velocity and temperature fields 
at a higher resolution. On the one hand they significant-
ly extend experimental results and on the other, provide 
fundamentally new information. For TGCC modes this 
primarily concerns understanding the relative contribu-
tions of the gravity and capillary effects. For sufficiently 
high solute concentrations in melt, concentration-relat-
ed effects add to the thermal ones. This is also true for 
buoyancy force since density depends on temperature and 
solute concentration and therefore the thermocapillary ef-
fect will combine with the concentration-capillary one. 
Analysis of joint heat and mass transport processes dra-
matically complicates the initial problem. The emergence 
thresholds and types of flow instabilities [9] and the melt 
to solid transition conditions may change fundamental-
ly. Below we will only consider the «simple» case of 
non-isothermal single-component systems. We will com-
paratively analyze the evolution of flow structures for 
fluids with Prandtl numbers Pr = 0.05, 16, 50 and 2700 
with an increase in the characteristic temperature differ-
ence in the crucible/melt/crystal system. The calculations 
[10–12] just like the experiments [1] were carried out for 
Pr orders of magnitude covering the range from the val-
ues typical of liquid metals and semiconductors to those 

typical of highly viscous melts of oxides. Comparative 
analysis of the physical and numerical experimental data 
allows solving an important methodological problem 
– determining the range of parameters in which experi-
mental results obtained for fluids with greater Pr can be 
safely used for the treatise of processes typical of liquid 
metals and specifically of silicon. Transparent media with 
5 ≤ Pr ≤ 3000 allow hydrodynamic studies but differ 
greatly from liquid metals with Pr ~ 0.01. The work was 
aimed at revealing a correlation between the local fea-
tures of spatial pattern and structure of melt flows and lo-
cal heat flows. The effect of simulation area geometry and 
relative dimensions on hydrodynamics and heat exchange 
in melts was studied. The study was carried out for an ax-
ial symmetry problem statement and laminar flow modes. 
Free or mixed laminar convection are the initial states for 
studies of laminar-turbulent transition (LTT) in melt flow 
modes differing by physical origins. However they have 
not yet been studied to a sufficient extent for understand-
ing the origins of LTT, i.e., the physical background of 
the development of different instability types is not com-
pletely clear. For the system in question the flow will be 
stable only in a limited range of dimensions and tempera-
ture differences, even for perfectly symmetrical boundary 
conditions and ideally elaborated control methods used 
(e.g. if the temperature control system does not produce 
disturbance). Determination of theoretical stability limits 
is another problem of physical and numerical simulation 
[1, 13–16].

2. Numerical study problem 
statement

The ideal physical-mathematical model of the processes 
studied for the crucible/melt/crystal system is TGCC in 
the vicinity of cooled discs with different diameters par-
tially covering the free surface of fluid in a fixed crucible 
with uniformly heated walls. The crucible with the melt 

Figure 1. Simulation area diagram for ideal physical-mathemat-
ical crystal growth model: (1) crucible bottom, (2) crucible side 
wall, (3) free melt surface, (4) crystal and (5) symmetry axis.
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has a cylindrical symmetry and fixed rectilinear boundar-
ies. The simulation area diagram is shown in Fig. 1. The 
problems are solved for an axial symmetry statement, 
and therefore Fig. 1 only shows the right-hand part of the 
melt: from the symmetry axis to the right-hand crucible 
wall. The calculated velocity and temperature field pa-
rameters are also shown for that region. Adhesion condi-
tions are satisfied for the tangential velocity components 
at the crucible and CF boundaries in the numerical model 
which conforms to the model developed earlier [5, 17]. In 
a general case, tangential component balance condition 
is set at the free melt surface for the force caused by the 
surface tension gradient and for the friction forces:

Here s is the melt surface tension coefficient de-
pending on the temperature T, σ = σ0(1 – βσΔT), where 
βσ = (1/β0)(–∂β/∂T); and β0 is the surface tension coef-
ficient at the characteristic system temperature. At all the 
boundaries of the area the normal velocity component is 
equal to zero, i.e., the rigid walls satisfy the impermeabil-
ity conditions and the free melt surface meets the condi-
tion of no free melt surface deformation by convective 
flow. Furthermore the possibility of meniscus formation 
at the crystal edge and crucible walls is ignored at this 
stage [18–21]. These approximations mostly apply to 
thermocapillary convection (TCC) modes for which it is 
accepted that the area boundaries remain the same (pla-
nar) but the system is under theoretical zero-gravity con-
ditions. The crystal T0 and the crucible side wall Tw tem-
peratures are set to be different but constant. Therefore 
the characteristic temperature difference in the system is 
ΔT = Тw – Т0. The heat insulation condition is set for the 
crucible bottom and the free melt surface.

The initial set of dimensionless convection equations 
in the Boussinesq approximation and in the motion and 
temperature field axial symmetry assumption was solved 
for the swirl ω, stream function ψ and temperature T vari-
ables using the implicit difference scheme. The stream 
function equation was solved using the fast Fourier trans-
form variable splitting method with central difference 
approximation. The Peaceman–Rachford alternating di-
rection difference scheme was used for approximating 
the heat and impulse transport equations. The convective 
equation terms for each next half-step were taken from 
the previous half-step. The equations were reduced to sets 
of equations with three-diagonal matrices and solved by 
passing. The optimum grid parameters were determined 
preliminarily [10]. The optimization criterion was disbal-
ance between the integral dimensionless heat emission 
coefficients at the crucible side wall and at the simulat-
ed CF. The results were obtained mainly for 160 × 160 
or 320 × 320 uniform grids.  Iteration was stopped after 
the step swirl increment at nodes became sufficiently 
small: (|δωij|/max|ωij|) ≤ (0.1÷3.0) ∙ 10-8. For liquid metal 
with the Prandtl number Pr = 0.05 the TGC set of equa-
tions was solved using the compact difference method 

in non-uniform structured grids with a high (fifth order) 
accuracy [22]. The minimum step for each of the spatial 
coordinates (r, z) was chosen at h = 0.004 or 0.002. This 
corresponds to 250 × 175 and 500 × 350 cell grids, re-
spectively.

Laminar convection of different origins was studied: 
thermal gravity, thermocapillary and thermal gravity cap-
illary [10–15].

The dimensionless set of equations for TGCC was as 
follows;

with the following boundary conditions:
– crucible bottom

– side surface

– free surface

– crystallization front

– symmetry axis

In TGC mode the no friction and deformation condi-
tions are set for the free melt surface. Further simplifica-
tion is the boundary heat insulation (adiabaticity) condi-
tion:

The identity criteria are introduced into the dimen-
sionless set of equations and boundary conditions: the 
Grashof number Gr = (βg/ν2)ΔTRsc

3 or the Rayleigh num-
ber Ra = GrPr = (βg/αν)ΔTRsc

3 which determine TGC in-
tensity, the Marangoni number Ma = [(–∂β/∂T)/aμ]ΔTRsc 
which describes the contribution of the thermocapillary 
effect and the Prandtl number Pr = ν/a which describes 
the thermophysical properties of the melt. Here t is the 
time, U and V are the radial and axial velocity compo-
nents, θ = (T – T0) /ΔT, T is the temperature, T0 is the 
temperature at the CF, ΔT is the temperature difference, 
H is the melt layer height, β is the volume expansion 
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coefficient, μ and ν = μ/ρ are the dynamic and kinematic 
viscosity coefficients, respectively, a = λ/ρCP is the tem-
perature conductivity coefficient, λ is the heat conductiv-
ity coefficient, ρ is the density, CP is the constant pressure 
heat capacity and Rsc and Rc are the crystal and crucible 
radii, respectively. The following scales were used for the 
transition to dimensionless equations: Rsc for length, ΔT 
for temperature and ν/Rsc for velocity. These scales allow 
all the results presented below in a dimensionless form to 
be brought to a dimensional form. The stream function 
and swirl are set by the following relationships: U = (1/r)
(∂ψ/∂z); V = –(1/r)(∂ψ/∂r); ω = ∂U/∂z – ∂V/∂r.

3. Results and discussion

3.1. Thermal gravity convection mode

TGC was studied for no friction conditions at the free flu-
id surface. The fluid flow structure evolution with an in-
crease in Gr was studied for preset geometry and Pr. Tem-
perature fields were calculated for TGC in the initial heat 
conductivity mode the isotherms for which are presented 
in Fig. 2. Figure 3 shows calculation results for stream 
function isocountour fields and isotherms for a fluid with 
Pr = 16 and a constant geometry chosen in cooperation 
with the Ioffe Institute for Problems of Mechanics of the 
Russian Academy of Sciences [5, 17] for test experiments: 
H/Rsc = 0.7 and Rc/Rsc = 2.76. Figure 3 and similar figures 
below (Figs. 8, 9, 14 and 17) only show the right-hand 
part of the axial symmetrical isocountour fields. Pr = 16 
corresponds to ethyl alcohol which was used in the physi-
cal experiment as the melt simulator and is close to Pr for 
BGO (bismuth orthogermanate), paratellurite and garnet 
melts. The results for boundary conditions corresponding 
to the absence of friction at the free surface of fluids are 
of practical interest for oxides with weak surface tension 
coefficient temperature dependences (e.g. yttrium alumi-
num garnet with Pr = 8) or high viscosity. Figure 3 a–d 
shows stream function isocontours which for laminar sta-
tionary flow mode coincide with fluid motion trajectories. 
It is therefore safe to hypothesize about the evolution of 
the spatial flow pattern with an increase in Gr. One can 
therefore compare the calculated spatial flow pattern with 
the experimental one [1]. The flow pattern in Fig. 3 (and 
in similar figures below) is counterclockwise. Fig. 3 e–h 
shows isotherms whose shape as a function of Gr allows 
predicting CF curvature variation under real conditions. 
Comparison of Fig. 2 and Fig. 3 e shows that at Gr = 10, 
i.e., in low-intensity convection mode (low-velocity 
creep flow), the isotherm pattern already differs consid-
erably from that for heat conductivity mode due to hot 
fluid entrainment to the top part of the fluid volume. At 
Gr = 100 the isotherms in the fluid core became horizon-
tal. Thus at practically negligible temperature differenc-
es the system already clearly exhibits the formation of a 
stable stratified core. With further Gr growth this leads 

to a transition to boundary layer mode, i.e., a stagnant 
or low-mobility core forms, occupying large volume in 
the central crucible region, and fluid circulation around 
the perimeter of that region becomes increasingly intense 
with an increase in Gr. This entails a redistribution of the 
conductive heat flow component: as a result at Gr < 100 
in heat conductivity mode the molecular heat flows are 
directed from the crucible walls toward the CF while at 
Gr ≥ 100 thermal interaction between radial branches of 
meridian flow starts: part of the molecular heat flow is 
directed downward (see Fig. 3 f–h). The quality criterion 
of temperature field reconstruction can be the magnitude 
and direction of the temperature gradient in the core [10].

Along with the isotherms, additional temperature 
field characteristics are temperature profiles in hori-
zontal and vertical sections which are measured in the 
physical experiment [1]. The vertical temperature dis-
tribution in the r = (Rc + Rsc)/2 section at different Gr 
is presented in Fig. 4. These profiles provide additional 
information on the regularities of melt core stratifica-
tion with an increase in Gr. First, comparison between 
Curves 1 and 2 show a dramatic change in the tempera-
ture distribution pattern from an unstable state in heat 
conductivity mode (the bottom melt portion is overheat-
ed relative to the average temperature) to a stable state 
in convection mode. Secondly, an increase in Gr leads to 
an increase in the core temperature. One can see this by 
comparing the profiles for the transition from Curve 2 
to Curve 4. However, simple regularities only hold until 
Gr ≤ 400. At higher Gr the melt becomes colder near 
the crucible bottom relative to the average temperature 
while remaining overheated at the top. The flow struc-
ture becomes increasingly complex at Gr ≥ 500: two 
«rotation centers» form (Fig. 3 d) and the horizontal di-
mension of the poorly mixed melt core increases (Fig. 3 
c and d). The change in the flow intensity can be seen 
from Fig. 5 showing dimension profiles of the radial and 
axial velocity components. For recalculation the cruci-
ble radius was taken to be 50 mm and the ethyl alcohol 
properties were taken for T = 20 °C. A specific feature 
of the velocity profiles is as follows: an important factor 

Figure 2. Isotherm field in heat conductivity mode (H/Rc = 0.7, 
Rc/Rsc = 2.76).
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in the Rsc ≤ r ≤ Rc region at the top flow branch is that 
the top boundary is free and without friction (see Fig. 5 
b, section r = (Rc + Rsc)/2), the velocity being the high-
est there. For 0 ≤ r ≤ Rsc the radial-convergent flow first 
impinges onto the crystal edge, and then a dynamic 
boundary layer forms downstream under a rigid wall 
(see Fig. 5 a, section r = Rsc/2). The hot melt impinges 
under the cold CF surface. An unstable stratified bound-
ary layer forms downstream as can be seen from the iso-
therms in Fig. 3 f–h. A flow tear-off zone is at a certain 
distance from the crystal edge: a cold downward fluid 
stream forms there. Importantly, at all the stream devel-
opment stages (tear-off, acceleration and deceleration) 
in the bottom region, fluid stratification in the melt core 
becomes increasingly expressed with an increase in Gr. 
The cold downward stream impinges onto the relatively 
cold fluid sublayer near the bottom, and radial stream 
oscillations may form as a result according to earlier ex-
periments [6, 7].

Figure 3. Evolution of (a–d) stream function isocontours and (e–h) isotherms with increasing Gr (Pr = 16, Ma = 0, H/Rc = 0.7, 
Rc/Rsc = 2.76): (a, e) Gr = 101; (b, f) 102; (c, g) 103; (d, h) 104.

Figure 4. Temperature distribution in layer height in the 
r = (Rc + Rsc)/2 section for TGC mode at Pr = 16, H/Rc = 0.7 and 
Rc/Rsc = 2.76: (1) heat conductivity mode, (2) Gr = 10; (3) 20; 
(4) 100; (5) 500; (6) 1000.
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At the periphery of the cold downward fluid stream 
descending from the crystal to the crucible bottom the 
relatively overheated fluid is entrained (due to the vis-
cous flow) downward from the core with an increase in 
Gr (see Fig. 3 g and h). In the outer parts of the upward 
flows at the crucible walls, on the contrary, the cold flu-
id is entrained upward. This generates a reversing force 
due to excess buoyancy which first generates a flow re-
flected from the crucible bottom (clearly seen in Fig 3 d 
at Gr = 104). Secondly the interaction of the oppositely 

directed viscous friction force and buoyancy force may 
develop «droplet» type instability (periodical regenera-
tion of the outer part of the boundary layer) which was 
observed experimentally [1], or cause core oscillations. 
This will cause temperature oscillations under the CF.

Temperature profiles are used for calculating the radial 
distributions of the local heat flow at the CF (Fig. 6) which 
can be easily represented as dimensionless temperature 
gradients. The local heat flow has an expressed maximum 
at the crystal edge for all the above modes. Screening of 
the cold surface by the gradually cooling fluid which is 
typical of laminar flow mode occurs downstream initial-
ly at Gr ≤ 100 resulting in a decrease of the local heat 
flow from the CF edge to the center. This flow is less in-
tense than that for heat conductivity mode (see Fig. 6, 
Curves 1 and 2). However with an increase in Gr and the 
flow velocity the thicknesses of the heat (see isotherms 
in Fig. 3 f and h) and dynamic (see Fig. 5 a) boundary 
layers decrease while the local temperature gradients and 
heat emission increase. It is typical that the local heat 
flows simultaneously become more homogeneous over 
increasingly large CF area (see Fig. 6, Curves 5 and 6). 
Along with convective heat transfer, there is a large con-
tribution of the increasingly expressed stable temperature 
stratification of the melt which can be seen from Gr = 104 
isotherms in Fig. 3. Thus, as a result of an increase in the 
temperature difference in the system the CF will be locat-
ed in the melt that is increasingly overheated relative to 
the average temperature.

Calculations for Pr = 0.05, 50 and 2700 were carried 
out for the same geometry (Figs. 7 and 8). Figure 7 shows 
results of calculation for a preset Gr number which is the 
ratio of the buoyancy and viscous friction forces (or the 
respective work). Comparison of the meridian flow and 
isotherms for the same Gr and different Pr shows that at 
small Gr the stream function isocountour fields and iso-
therms already differ substantially. Heat exchange of the 
liquid metal with Gr = 100 is almost the same as for heat 
conductivity mode. The liquid with Pr = 2700 exhibits 

Figure 5. (a, b) radial U and (c) axial V velocity components at 
Pr = 16, H/Rc = 0.7 and Rc/Rsc = 2.76 for different Gr: (1) 10; 
(2) 20; (3) 50; (4) 100; (5) 200; (6) 300; (7) 500; (8) 1000.

Figure 6. Radial distributions of local heat flows in TGC modes 
at Pr = 16, H/Rc = 0.7 and Rc/Rsc = 2.76: (1) heat conductivity 
mode, (2) Gr = 10; (3) 102; (4) 103; (5) 104; (6) 78274.
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the largest change in the flow structure, i.e., with increas-
ing Pr the system deviates increasingly from heat con-
ductivity mode to well-developed boundary layer mode. 
With Pr growing in the 16 ≤ Pr ≤ 2700 range the iso-
therm pattern changes increasingly due to hot fluid en-
trainment to the top part of the volume and the formation 
of a stable stratified stagnant core. Figure 8 shows data 
for the same Rayleigh number but different Pr numbers. 
The Rayleigh number takes into account, along with the 
abovementioned parameters, that the floating unit volume 
of melt spends energy not only for overcoming viscous 

friction but also for equalizing its temperature with the 
ambient temperature due to molecular heat conductivity. 
Excess buoyancy force is then lost. Comparison of the 
data shown in Figs. 7 and 8 suggests that an increase in 
Pr at the same Gr produces a flow structure reconstruc-
tion pattern which is to similar that for a Gr growth at 
a constant Pr. Figure 8 shows respective Gr for each Pr 
at a preset Ra. It can be seen that allowance for two dis-
sipation factors leads to a far greater “identity degree” 
in system behavior. At a constant Rayleigh number, 
e.g. at Ra = 500, the flow patterns and isotherm fields 

Figure 7. TGC structure dependence: (a–d) stream function isocontours and (e–h) isotherms as a function of Pr at preset Gr = 100: 
H/Rc = 0.7 and Rc/Rsc = 2.76: (a, e) Pr = 0.05; (b, f) 16; (c, g) 50; (d, h) 2700.
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are almost coincident for Pr = 50, 16 and 2700. Fluids 
with higher Pr have high viscosity and relatively low 
heat conductivity. At close Gr, floating fluid components 
in these fluids do not lose buoyancy and overcome fric-
tion forces almost as efficiently. The isotherm shapes at 
Pr = 0.05 and the same Ra = 500 are close to those at 
other Pr but the flow structure is different. In liquid met-
als with high heat conductivity, emergence of flows of 
similar patterns and generally similar temperature fields 
and local heat flow distributions require Gr numbers that 

are 2–4 orders of magnitude greater than those required 
for media with Pr ≤ 5 (Figs. 8–12). Isotherms for Pr = 
0.05 retain patterns close to those typical of heat conduc-
tivity mode almost up to Gr = 2 ∙ 103. Melt core isotherms 
for 2 ∙ 103 ≤ Gr ≤ 104 acquire horizontal sections, this 
regularity being traced in radial temperature distributions 
(see Fig. 10 b), heat flow distributions (see Fig. 12) and 
integral heat flow vs Gr curves (Fig. 13).  Radial heat 
flow distributions for Gr ≤ 103 are almost coincident with 
that distribution for heat conductivity mode (see Fig. 12). 

Figure 8. TGC structure dependence: (a–d) stream function isocontours and (e–h) isotherms as a function of Pr at preset Ra = 500: 
H/Rc = 0.7 and Rc/Rsc = 2.76: (a, e) Pr = 0.05, Gr = 104; (b, f) Pr = 16, Gr = 35.25; (c, g) Pr = 50, Gr = 10; (d, h) Pr = 2700, Gr = 0.185.
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Figure 9. (a) radial U and (b) axial V velocity components 
in TGC mode at Pr = 0.05, H/Rc = 0.7 and Rc/Rsc = 2.76: (1) 
Gr = 4.7 ∙ 102; (2) 4.7 ∙ 103; (3) 4.7 ∙ 104; (4) 4.7 ∙ 105.

Figure 10. Temperature distribution in layer height in (a) 
r = (Rc + Rsc)/2 section and (b) radial direction for the z = H/2 
section in TGC mode at Pr = 0.05, H/Rc = 0.7 and Rc/Rsc = 2.76: 
(1) Gr = 4.7 ∙ 102; (2) 4.7 ∙ 103; (3) 4.7 ∙ 104; (4) 4.7 ∙ 105.

Figure 11. Temperature distribution in layer height for 
TGC mode in sub-crystal region at Pr = 0.05, H/Rc = 0.7, 
Rc/Rsc = 2.76 and Gr = 2.3 ∙ 106: (1) r = 0; (2) 0.25; (3) 0.5; (4) 
0.75; (5) 1.

Figure 12. Radial distribution of local heat flows in TGC mode 
at Pr = 0.05, H/Rc = 0.7 and Rc/Rsc = 2.76 for different Gr: (1) 0; 
(2) 4.7 ∙ 102; (3) 4.7 ∙ 103; (4) 4.7 ∙ 104; (5) 4.7 ∙ 105.

Thus, convection largely affects the temperature distri-
bution (see Fig. 10) and heat exchange in liquid metal 
beginning from Gr ≥ 2 ∙ 103. Upon further Gr growth 
the ψ and T isocontour shapes are generally the same 
as those for large Pr. Velocity profiles vary in a similar 
manner with Gr growth for well-developed convection 

(see Figs. 5 and 9) and a boundary heat layer forms in 
a similar manner as can be clearly seen from Fig. 11. 
Thus many behavior features of liquid metal systems 
including silicon melt can be simulated using transpar-
ent melt simulators, but taking into account the above 
regularities.
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Lowering of the liquid metal melt level in the crucible 
leads to an increase in the contribution of molecular heat 
conductivity to heat exchange between the crucible walls 
and the CF (Figs. 13 and 14). The reconstruction of lo-
cal properties of the temperature and heat flow fields that 
is typical of convective modes occurs during melt level 
lowering at high Gr.

Integration of the local heat flows over the CF area 
yields the full heat flow from the crucible walls to the 
melt which is supplied to the CF due to heat conductivity 
and convection. Instead of local or integral heat flow, the 
dimensionless heat emission coefficient, or the Nusselt 
number, is conventionally calculated as a function of dy-
namic problem parameters (in the case in question, as a 
function of the Gr or Ra numbers, Fig. 15): Nu = αRsc/λ = 
(∂T/∂z)ctRsc/ΔT (here α is the dimensional heat emission 
coefficient and (∂T/∂z)ct is the temperature gradient near 
the CF). The Nusselt number characterizes the factor by 
which convective mode heat emission is higher than it 
would be at the same temperature difference in heat con-
ductivity mode. It is based on the simple local heat flow 
expression q = –λ(∂T/∂z)ct = αΔT. Integral parameters 

are determined by calculating average temperature gra-
dients and heat emission coefficients. Figure 15 shows 
that local and integral TGC parameters calculated in the 
16 ≤ Pr ≤ 2700 range can well be generalized if the 
Rayleigh number is used as the dynamic parameter. The 
convection contribution to heat exchange becomes no-
ticeable at Pr = 0.05 and grows obeying almost the same 
law as for 16 ≤ Pr ≤ 2700 but at a sufficiently high con-
vection flow intensities, i.e., at Grashof numbers being 
three orders of magnitude greater than those required for 
media with 16 ≤ Pr ≤ 2700. The Nu numbers for Ra = 
500 in fluids with Prandtl numbers of 16, 50 and 2700 are 
almost the same and equal to 1.76, and for Pr = 0.05, Nu 
= 1.27. At Ra = 5 ∙ 104, the differences in the Nu values 
become noticeable: Nu = 4.95, 5.07 and 5.15 for Pr = 16, 
50 and 2700, respectively, and Nu = 3.21 for Pr = 0.05. 
The dependence Nu = (0.81 ± 0.08)Gr0.227±0.01 holds with 
a high accuracy in the 0 ≤ Gr ≤ 2500 range at Pr = 16. 

Figure 13. Evolution of (a, b, e) isotherms and (b, d) stream 
function isocontours for transition from (a) heat conductivi-
ty mode to (b, c) TGC at Pr = 0.05, H/Rc = 0.25 and Rc/Rsc = 
2.76:(b, c) Gr = 2.3 ∙ 105; (d, e) 2.3 ∙ 106.

Figure 14. Temperature distribution in layer height for 
TGC mode in sub-crystal region at Pr = 0.05, H/Rc = 0.25, 
Rc/Rsc = 2.76 and Gr = 2.3 ∙ 106: (1) r = 0; (2) 0.25; (3) 0.5; (4) 
0.75; (5) 1.0.

Figure 15. Dimensionless heat emission coefficient as a func-
tion of Rayleigh number: (1) Pr = 0.05, calculation using finite 
difference method; (2) Pr = 0.05, calculation using compact dif-
ference method; (3) Pr = 16, calculation using finite difference 
method; (4) Pr = 16, Ma = 34240; (5) Pr = 50; (6) Pr = 2700.
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Integral heat exchange data can be generalized with a high 
accuracy by the following Nu(Gr, Pr) dependence: Nu = 
(0.55 ± 0.035)Pr0.206±0.009Gr0.2 in the 0 ≤ Gr ≤ 2500 range. 
The data shown in Figs. 9–14 for Pr = 0.05 were obtained 
using the compact difference method (high order accura-
cy schemes [20]) and those in Fig. 15, using the finite and 
compact difference methods. The heat flows calculated 
using the finite difference method for a 160 × 160 grid in 
the 0 ≤ Gr ≤ 2500 range are almost the same for the heat 
emitting and the heat receiving surfaces, the disbalance 
being less than 6% for Gr = 8 ∙ 104.

3.2. Thermal gravity capillary convection mode

Figures 2, 3, 7, 8 and 13 show that there is a large tem-
perature gradient along the free melt surface at any Gr and 
Pr in both heat conductivity and TGC modes. Therefore 
if the melt surface tension coefficient is largely tempera-
ture-dependent then the formation of the flow structure 
is controlled both by the buoyancy (Archimedes) forces 
and the thermocapillary effect. Analysis of Figs. 7 and 13 
also suggests that an increase in Gr in TGC mode causes 
hot melt flow to the CF edge at a temperature gradually 

Figure 16. Evolution of (a–d) stream function isocontours and (e–h) isotherms with increasing Gr at constant Ma = 34240, 
H/Rc = 0.7, Rc/Rsc = 2.76 and Pr = 16: (a, e) Gr = 0; (b, f) 103; (c, g) 3 ∙ 103; (d, h) 104.
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approaching the crucible wall temperature. The tempera-
ture of the most part of the free melt surface equalizes, 
the maximum temperature gradient being at the CF edge. 
It is natural to expect that the relative contribution of the 
thermocapillary effect will vary in accordance with this 
tendency with an increase in Gr.

First of all, TCC was studied at Pr = 16 in a system 
having the same geometry as the one for the TGC study 
(Fig. 3) with an increase in ΔT in the range corresponding 
to Marangoni numbers of 10 to 105 [11, 14]. Then the 
basic mode was accepted to be TTC at Ma = 34240 cor-
responding to the experimentally implemented combined 
TGCC mode (Fig. 16 a). The initial thermocapillary 
flow (the system is in the initial theoretical zero-gravity 
state) was superimposed with the growing gravity field 
and the respective growth in Gr (Fig. 16 b–d). Thus the 
flow structure evolution (Fig. 16) and the local param-
eters (Figs. 17 and 18) were studied for an increase in 
the relative contribution of buoyancy forces at constant 
Ma = 34240.

TCC is theoretical zero-gravity mode. The flow re-
sults from the force that acts intensely only along the 
free surface (due to the thermocapillary effect). The fluid 
flow is directed along the free surface from the crucible 
wall to the crystal edge. The fluid flows to below the 
CF by inertia and due to the fact that fluid from the vol-
ume is pulled up to the surface along the crucible walls 
in accordance with the continuity conditions. Under the 
crystal beginning from its edge the flow is decelerated 
by viscous friction. In TCC modes at Ma ≤ 1000 the ro-
tation center formed by the closed stream function iso-
contours is approximately in the area with the coordi-
nates r = (Rc + Rsc)/2, z = 2H/3 (see Fig. 4 [14]). As Ma 
increases the rotation center shifts gradually toward the 
top right corner (see Fig. 16 a). If compared with TGC 
mode the cooled melt stream from the CF to the cruci-
ble bottom becomes less intense and has a significantly 
greater diameter (see Figs. 3 and 16 a). If even a weak 
gravity field is present (see Fig. 16 b) a compact cold 
downward stream forms flowing from under the cooled 
CF surface, by analogy with the data shown in Fig. 3. Hot 
melt from the crystal edge is pulled into the downward 
stream toward the center. As Gr approaches the experi-
mental value Gr = 41270 the stream function isocontour 
shape becomes increasingly similar to the experimental 
[15] visualized fluid motion trajectories (Fig. 19):

– circulation over the external contour and integration 
into the main superficial swirl having a thermocapillary 
origin;

– emergence of a bottom-reflected flow from which 
part of fluid is entrained into the superficial swirl while 
passing through the central part of the melt core;

– a stagnant region clearly seen in Fig. 19 forms under 
the superficial swirl at Gr = 5000.

The flow pattern shown in Fig. 16 d is generally in a 
good agreement with the experimental one [1]. At Ma/
Gr ratios close to those calculated from the temperature 
difference set in the experiment, the qualitative local 

parameters are also quite close to the experimental data, 
the absolute velocity approaching the experimental ones 
(see e.g. Figs. 7–9 of earlier work [13]).

Figure 17. Temperature distribution in layer height for TGCC 
mode in sub-crystal region at Pr = 16, H/Rc = 0.7, Rc/Rsc = 2.76, 
Gr = 41270 and Ma = 34240 with equal radial intervals (1–14) 
between (1) r = 1 mm and (14) r = 0.

Figure 18. Radial distribution of local heat flows in (a) TGC 
and (b) TGCC modes at Pr = 16, H/Rc = 0.7 and Rc/Rsc = 2.76: 
(a): (1) heat conductivity mode, (2) Ma = 10; (3) 100; (4) 103; 
(5) 104; (6) 105; (b): Ma = 34240; (1) Gr = 0; (2) 103; (3) 104; 
(4) 41272.
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Flow regularities affect the radial heat flow distribu-
tion at the CF. Figure 18 a shows change in flow regu-
larities for Mg growth in TCC mode compared with heat 
conductivity mode. The melt flow concentrated at the free 
melt surface efficiently heats the crystal edge. The local 
heat flow decreases rapidly toward the center. In TGCC 
mode the growing contributions of buoyancy forces and 
TGC affect the most noticeably the growth of heat flows 
in the 0 ≤ r ≤ Rsc/2 range (see Figs. 17 and 18 b). It is 
safe to affirm that TGC completely controls local heat ex-
change in this region. Hot melt moving from the crystal 
edge to the center is entrained into the downward stream 
formed by buoyancy forces. Therefore the local heat flow 
in the axial region grows with Gr while at the edge it re-
mains almost the same as in TCC mode (see Fig. 18 b).

Studies of the temperature distribution regularities 
in the volume and along the free fluid surface in TCC, 
TGC and then TGCC modes [11–15] showed that the 
thermocapillary effect contribution is mainly resolvable 
against the TGC background in the vicinity of the cold 
crystal edge. Hot fluid entrainment toward the free sur-
face from the heated crucible walls and temperature-sta-
ble fluid stratification in the volume at most part of the 
free surface eliminate the longitudinal temperature gra-
dient, also due to the additional effect of TCC. This fact 
and hence the smaller thermocapillary effect contribution 
to the intensification of the general meridian flow affect 
the dependence of integral heat exchange on Gr at pre-
set Ma. Curve 4 in Fig. 15 shows Nusselt number Nu 
as a function of Gr at preset Ma = 34240. At Gr = 0, 
Nu = 3.80 and is completely TCC-controlled. As can 
be seen from Fig. 15, Gr growth causes an asymptotic 
Nu tendency to the TCC-controlled value: Nu = 8.823 
at Gr = 21000 and Ma = 34240 in TGCC mode, while 
Nu = 8.292 at the same Gr in TGC mode. The above data 
confirm that TCC has a clearly superficial pattern. The 
thermocapillary effect causes hot liquid “pulling” toward 
the crystal edge and a dramatic growth of the local heat 
flow at the edge (see Fig. 18 a). Unlike TGC mode the 
fluid is considerably decelerated in the axial region (see 
Fig. 16 a) and contributes considerably to the heat flow 

at the crystal edge, but affects the sub-crystal region only 
slightly. Thermocapillary flow has a high velocity along 
the free surface, i.e., it is higher than in TGC mode. Local 
U(r) maxima correlate with radial temperature gradients 
across the surface [10]. The influence of the thermocapil-
lary effect shows itself against the TGC background in an 
increase in the velocity at the free surface, but this influ-
ence decreases because of temperature equalization over 
the free surface due to gravity convection and tempera-
ture stratification of fluid in the gravity field [10, 14]. This 
regularity of flow structure can be traced in the radial dis-
tributions of the local heat flow (see Fig. 18) and the inte-
gral heat flow as a function of Gr (see Fig. 15). The local 
heat flow velocity from the edge to the center decreases 
much faster (see Fig. 18 b, Curve 1 at Gr = 0) than in 
TGC mode. The superimposition of the thermocapillary 
effect with TGC causes an abrupt growth of the local heat 
flow at the crystal edge (almost threefold for media with 
Pr = 16 and 45.6 [14]). This local effect is observed in a 
wide range of Ma/Gr ratios. However with a decrease in 
the latter ratio the TCC contribution to the integral heat 
flow decreases monotonically as can be clearly seen from 
Fig. 15. Radial velocity and temperature distributions 
across the free surface from the crystal edge to the cruci-
ble wall were reported [10]. The patterns of the velocity 
and temperature component profiles in the radial and ver-
tical sections are in a general agreement with the exper-
imental results. The order of magnitude of the velocity 
components is also similar to the experimental one.

4. Conclusion

Thermal gravity, thermocapillary and gravity capillary 
modes of laminar convection were numerically studied. 
The calculations were carried out for the 0 ≤ Gr ≤ 107 
Grashof number range and the 0 ≤ Ma ≤ 105 Marangoni 
number range. Regularities of the evolution of the general 
flow structure and local and integral heat exchange were 
analyzed for each convection type with an increase in the 
Grashof and Marangoni numbers. The spatial pattern of 

Figure 19. (a) Experimental fluid motion trajectories and (b) calculated stream function isocontours for similar conditions: H/Rc = 
0.7, Rc/Rsc = 2.76, Gr = 5000 and Ma = 34240.

a b
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the axial symmetry laminar flow observed experimentally 
in combined TGCC mode was reproduced, testifying to a 
high authenticity of the results. Analysis of the data re-
ported herein is of practical interest. At moderate and high 
Pr (10 ≤ Pr ≤ 3000), the isotherm shape changes notice-
ably in comparison with heat conductivity mode already 
at weak convection Gr = 10 due to hot fluid entrainment 
toward the top part of its volume. At practically negligible 
temperature differences the system already clearly exhib-
its the formation of a stable stratified core. This is a con-
sequence of the transition from low-intensity creep melt 
flow at very low Gr ≤ 20 to boundary layer mode, i.e., a 
stagnant melt core forms and fluid circulation around the 
contour of the region becomes more intense with an in-
crease in Gr. The experimentally observed delay in the re-
construction of the spatial flow shape at Pr = 0.05 with an 
increase in Gr shows itself in that the dimensionless heat 
emission coefficient values at the CF in the liquid metal 
system, which are similar to those values for Pr ≥ 10, are 
reached at three orders of magnitude greater Gr. Taking 
into account this delay one can simulate multiple qualita-
tive behavior features of liquid metal systems including 
silicon melt using transparent melt simulators. For single 
crystal growth with predominant natural convection, the 
specific features of temperature field formation will make 
the CF shape close to conical (see Fig. 8 [14]). However 
with an increase in Gr the conical angle will grow and the 
volume of the solidifying material will decrease due to 
increasing temperature stratification and growth of heat 
flows at the CF. This was confirmed by physical experi-
ments [1, 14, 15]. The shape and density of the isotherms 
allow predicting not only the CF curvature evolution ten-
dency but even the solidifying material volume evolution 
tendency under established heat exchange conditions in 
the system. This is easy to prove by comparing the qual-
itative change of the isotherm field in Fig. 3 with the Gr 
growth and the established CF shape shown in Fig. 7 of 
an earlier report [1]. Along with the isotherm shape infor-
mation the data obtained in this work allow one to give a 
general estimate of the radial distribution of the thermal 
stresses in the crystal close to the CF. Highest stresses can 
be expected at the crystal edge onto which the hot flow 
across the free surface impinges.

Studies of the temperature and velocity distribution 
regularities in the volume and across the free fluid sur-
face in TCC, TGC and then TGCC modes show that 

the thermocapillary effect contribution is mainly visible 
against the TGC background in the vicinity of the cold 
crystal edge. TCC gives a large contribution to the heat 
flow at the crystal edge but affects the sub-crystal region 
only slightly. This fact and hence the smaller thermocap-
illary effect contribution to the intensifying of the general 
meridian flow affect the dependence of the integral heat 
exchange on Gr at preset Ma. Gr growth causes an asymp-
totic Nu tendency to the TCC-controlled value. Physical 
prerequisites of the development of two instability types 
were clarified. The origin of «droplet» type instability 
that was experimentally observed earlier [4, 6, 7] can be 
entrainment of the relatively overheated fluid downward 
from the core at the periphery of the cold downward flu-
id stream from the crystal to the crucible bottom. This 
generates a reversing force due to excess buoyancy. This 
instability type may be the cause of banded crystal inho-
mogeneity even for the so-called low-gradient technol-
ogy. The calculated T(z, ri) temperature profiles in the 
sub-crystal region (see Figs. 12, 15 and 18) allow tracing 
the formation of the unstable stratified boundary layer and 
estimating the formation threshold of the experimentally 
observed instability (Rayleigh–Benard type instability 
[6, 7]) from the local Rayleigh number, its critical value 
for a horizontal layer with one free boundary being 1100.

The great practical value of numerical simulation is 
the possibility of studying the main evolution tendencies 
of local parameters with good resolution and complete-
ness that are superior to the experiment’s capabilities. 
The range of the parameters Gr, Ma ≤ 5000 is not practi-
cally achievable for experimental studies with acceptable 
control accuracy, maintaining of boundary conditions and 
temperature measurements in the volume of fluids having 
e.g. Pr = 16. In the physical experiments the results of
which were presented earlier [1] the minimum tempera-
ture difference was ΔT = 0.41 K, the thermocouple sen-
sitivity being 41.7 μV/K and the measurement accuracy
being 1 μV. Thus it is hard to overestimate the role of
numerical experiments in this range of parameters.
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